Let V be a manifold and H a Lie transformation group of V. Suppose Du = 0 is a differential equation on V, both the differential operator D and the function u assumed invariant under H. Then the differential equation will involve several inessential variables, a fact which may render general results about differential operators rather ineffective for the differential equation at hand. Thus although D may not be an elliptic operator it might become one after the inessential variables are eliminated (cf. [3, p. 99]).
Let w 0 € W. Then there exists an open relatively compact neighborhood W o of w 0 in W and a relatively compact submanifold B C H,eeB such that the natural projection π: H -• H/H

Wo is a diffeomorphism of B onto an open neighborhood U o of π(e) in H/H WQ and such that the mapping η\ (b,w) -• b w is a diffeomorphism of B X W o onto an open neighborhood V o of w 0 in V.
Proof. Let ψ denote the Lie algebra of H Wo , and ncζ any subspace complementary to ψ. Then the mapping φ: (X, w) -> exp X w of n X W into V is regular at (0, w 0 ). In fact, since (dφ) (QtWo) 
Proof. Let (v l5 , y r ) be any coordinate system on B such that y x (e) -. . . = y r (e) = 0, and let w -> (z r+ι (w), , z n (w)) be a coordinate system on W Q such that the geodesies forming 5^ correspond to the straight lines through 0. Then we define a coordinate system (x 19 ,
The Laplace-Beltrami operator is given by L = Σ 8 pq (dp q ~ Σ Γ%J3 t ) , ., x n ) , or equivalently
On the other hand, suppose φ € £(V 0 ) satisfies (2.8)
For each set of real numbers a r+1 , , a n , not all 0, the curve
is a geodesic in V. The differential equation for geodesies
(dot denoting differentiation with respect to i) therefore shows that
Since the geodesic is perpendicular to S at s 09
It follows that
But by (2.9), Γ^(5 0 ) is the same for S and for V, so
where for any / e <?(K 0 ),
But φ SQ is a constant function, so by (2.4) and (2.7)
Similarly, since ψ is a constant function, (2.10) implies
This gives formula (2.5) for the function / = φψ, and since the linear combinations of such products form a dense subspace of ^(F o ) the theorem follows by approximation.
Remark. The theorem remains true with the same proof if V is a manifold with a pseudo-Riemannian structure g provided g is nonsingular on S.
The radial part of a differential operator
Again let V be a manifold satisfying the second axiom of countability, and H a Lie transformation group of V. Suppose W C V is a submanifold satisfying transversality condition (2.2) in Lemma 2.1. Let (*!, , x r ) be a Cartesian coordinate system on m, and (x r+1 , , x n ) an arbitrary coordinate system on W o . In the formulas below let 1 < /, / < r, r + 1 < oί, β < n. Let the coordinate system (JC 1? , x n ) on F o be determined by F{p)dσ w {p) )dx r , ι • -dx n (w) .
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But dσ w is invariant under H, so it must be a scalar multiple of dh,
This proves (3.4) for all F e @(V 0 ); then it holds also if F has support inside h F o for some hζH. But as w 0 runs through W, the sets h F o form a covering of V*. Passing to a locally finite refinement and a corresponding partition of unity, (3.4) follows for all
H w
It is a routine matter to verify that the mapping F -> F is surjective, i.e., This is clear from the coordinate expression for L v together with (3.6) if we also note that the vector fields d/dXi are tangential to the H-orbits. Next we recall that L v is symmetric with respect to dv, i.e., (3.12)
(V*). But then this relation holds for all f 2 € &(V*).
In particular we can use it on f 2 invariant under H. Applying (3.4) to the left hand side of (3.12) we obtain
H
Now putting here v = w we get the inner integral in (3.13) equal to /i)(w) thus the left hand side of (3.12) is
the bar denoting restriction to W. But using the //-invariance of L v f 29 formula (3.4) and the definition of radial part, the right hand side of (3.12) reduces to which equals (zl(L F )/ 1 )(w) because now h and w are independent variables. This proves (3.14) and therefore also Theorem 3.3.
